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A landmark of turbulence is the emergence of universal scaling laws, such as Kolmogorov’s E(q) ∼ q−5/3
scaling of the kinetic energy spectrum of inertial turbulence with the wave vector q. In recent years, active fluids
have been shown to exhibit turbulent-like flows at low Reynolds number. However, the existence of universal
scaling properties in these flows has remained unclear. To address this issue, we propose a minimal defect-
free model for two-dimensional (d = 2) active nematic fluids at vanishing Reynolds number. By means of
large-scale simulations and analytical arguments, we show that the kinetic energy spectrum exhibits a universal
scaling E(q) ∼ qd−3 (d > 1) at long wavelengths. We find that the energy injection due to activity has a peak
at a characteristic length scale, which is selected by a nonlinear mechanism. In contrast to inertial turbulence,
energy is entirely dissipated at the scale where it is injected, thus precluding energy cascades. Nevertheless, the
non-local character of the Stokes flow establishes long-ranged velocity correlations, which lead to the scaling
behavior. We conclude that active nematic fluids define a distinct universality class of turbulence at low Reynolds
number.
Turbulent flows exhibit universal statistical properties. Un-
derstanding how these properties emerge from the underlying
governing equations is a fundamental challenge in nonequilib-
rium physics. In classic inertial turbulence, energy is injected
externally to drive the flows. The nonlinear advective term
of the Navier-Stokes equation is responsible for destabilizing
the flow and transferring energy from the scales where it is in-
jected to those where it is dissipated. This leads to an energy
cascade in the intermediate range of scales, where the flow
acquires a scale-invariant structure that manifests as a power-
law scaling of the kinetic energy spectrum. Kolmogorov used
these arguments in 1941 to derive the universal scaling expo-
nent −5/3 for inertial turbulence, independent of the fluid’s
properties [1, 2].
More recently, ‘elastic turbulence’ was discovered in poly-
mer solutions at low Reynolds numbers, where inertia is neg-
ligible [3]. In the last decade, seemingly turbulent flows at
low Reynolds numbers have also been discovered in a num-
ber of active fluids, mostly of biological origin. Examples
include bacterial suspensions [4–8], swarming sperm [9], sus-
pensions of microtubules and molecular motors [10–13], ep-
ithelial cell monolayers [14–16], and suspensions of artificial
self-propelled particles [17]. These fluids display spontaneous
flows driven by internal active stresses generated by their com-
ponents at microscopic scales. At high activity, these flows
become chaotic, and hence they have been referred to as ac-
tive turbulence.
Hydrodynamic models for different types of active turbu-
lence have been proposed. Motivated by suspensions of swim-
ming bacteria, some models extend the Toner-Tu equations for
polar flocks, thus inheriting their nonlinear alignment and po-
larity self-advection terms [7, 8, 18–21]. Active turbulence in
these models can be traced back to the same type of advective
nonlinearity as in classic inertial turbulence: self-propulsion
acts as an effective inertia that transfers energy between scales
[22–25]. However, in contrast to inertial turbulence, these
models give rise to non-monotonous flow spectra with non-
universal scaling exponents, which depend on the values of
the model parameters [7, 22–24].
A different class of models considers active liquid crystals,
with either polar or nematic symmetry. In the polar case, po-
larity self-advection or other self-propulsion-like terms give
rise to oscillatory instabilities that eventually lead to spatio-
temporal chaos [26–31]. In the nematic case, however, these
terms are not allowed by symmetry. Nevertheless, chaotic
flows also appear, driven only by active stresses [32–44]. The
balance between active stress and elastic nematic stress de-
fines an intrinsic length that determines the average vortex size
[40]. At larger scales, Giomi has proposed the existence of a
scaling regime of the flow spectrum [40]. However, such a
scaling has not been demonstrated yet.
Altogether, these previous studies raise the question of
whether turbulence in the classic sense, with scale-invariant
flow fields and universal exponents, can exist in active flu-
ids. Here, we show that active nematic fluids feature turbulent
flows with a universal scaling regime at large length scales.
Active stresses power an instability that generates sponta-
neous flow, thereby injecting energy into the flow. We find
that the spectrum of energy injection is broad but peaked at an
intrinsic wavelength selected by the nonlinear dynamics. We
also find that the injected energy is dissipated without being
transferred to other scales. Therefore, the scaling regime is
not established by an energy cascade but by the long-range
hydrodynamic interactions of viscous flow.
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2MINIMAL MODEL OF AN ACTIVE NEMATIC FLUID
We study a two-dimensional active nematic fluid at low
Reynolds number. Thus, we neglect inertial effects, so that
momentum conservation reduces to force balance:
0 = −∂αP + ∂β(σαβ + σaαβ). (1)
The pressure P enforces the incompressibility condition
∂αvα = 0 of the flow field ~v, whereas σαβ and σaαβ are
the symmetric and antisymmetric parts of the deviatoric stress
tensor, respectively. The symmetric part is given by the con-
stitutive equation [45–47]
σαβ = 2η vαβ − ζ qαβ , (2)
where η is the shear viscosity, vαβ = 1/2(∂αvβ + ∂βvα) is
the symmetric part of the strain rate tensor, ζ is the active
stress coefficient, and qαβ = nαnβ − 1/2 δαβ is the nematic
orientation tensor defined by the director field nˆ. We assume
that the fluid is deep in the nematic phase so that the director
has a fixed modulus |nˆ| = 1, and components: nx = cos θ,
ny = sin θ. For a continuous director field, this constraint
precludes the presence or generation of topological defects.
Moreover, for the sake of simplicity, we neglect the flow align-
ment coupling (ν = 0) [48].
The antisymmetric part of the stress tensor is obtained from
angular momentum conservation, and reads [48]
σaαβ =
1
2
(nαhβ − hαnβ). (3)
Here, hα = −δFn/δnα = K∇2nα is the orientational field
computed from the Frank free energy for nematic elasticity
which, in the one-constant approximation, reads [48]
Fn =
K
2
∫
A
(∂αnβ)(∂αnβ) d
2~r =
K
2
∫
A
|~∇θ|2 d2~r. (4)
Finally, the dynamics of the director field reduces to
∂tnα + vβ∂βnα + ωαβnβ =
1
γ
hα, (5)
where ωαβ = 1/2(∂αvβ − ∂βvα) is the vorticity tensor, and
γ is the rotational viscosity. The left-hand side is the co-
rotational derivative of the director field, whereas the orien-
tational field on the right-hand side specifies the elastic torque
acting on the director.
We introduce dimensionless variables by rescaling length
by the system size L, time by the active time τa = η/|ζ|, pres-
sure by the active stress |ζ|, and orientational field by K/L2.
To eliminate pressure, we take the curl of the force balance
equation Eq. (1) and obtain a Poisson equation for the vortic-
ity ω, which we can write in terms of the stream function ψ
defined by vx = ∂yψ, vy = −∂xψ:
∇2ω = −∇4ψ = s(~r, t); (6a)
s(~r, t) =
1
2
R
A
∇4θ + S
[
1
2
[
∂2x − ∂2y
]
sin 2θ − ∂2xy cos 2θ
]
.
(6b)
This equation describes a Stokes flow stirred by a vorticity
source s(~r, t) with two contributions. The first term comes
from the antisymmetric stress already present in passive ne-
matic. It accounts for the flow induced by the director re-
laxation. In contrast, the second term accounts for the active
driving. In Eq. (6), we have defined three dimensionless pa-
rameters: the activity number A ≡ L2/`2c , the viscosity ratio
R ≡ γ/η, and the sign of the active stress S ≡ ζ/|ζ| = ±1
for extensile and contractile stresses, respectively. The activ-
ity number A compares the system size L to the active length
`c =
√
K/(|ζ|R) defined by the balance between active and
nematic elastic stress.
Finally, in terms of the director angle field θ and the stream
function ψ, the director dynamics Eq. (5) reads
∂tθ + (∂yψ)(∂xθ)− (∂xψ)(∂yθ) + 1
2
∇2ψ = 1
A
∇2θ. (7)
Equations (6) and (7) specify the hydrodynamics of our mini-
mal active nematic fluid. As shown in the SI, One-parameter
formulation, for a given S = ±1, the model is left with a sin-
gle dimensionless parameter A′ = A/(2 + R/2). Therefore,
R can be fixed without loss of generality. In the numerical
simulations, we set R = 1. Moreover, for R = 0, the model
takes a particularly simple form (SI, One-parameter formula-
tion).
RESULTS
Stationary flow patterns
The equilibrium solutions of Eqs. (6) and (7) are uniformly
oriented quiescent states (ψ = 0, θ = θ0), with spontaneously
broken rotational symmetry. These states are unstable to ori-
entational fluctuations, which result in active stress fluctua-
tions. These stresses induce flows that enhance orientational
fluctuations, thus giving rise to the so-called spontaneous flow
instability [45, 49, 50]. The growth rate of small perturbations
of wave-vector ~q forming an angle φ with the director nˆ reads,
in dimensional form,
Ω(~q) =
[
SA
2
cos 2φ−
(
1 +
R
4
)
(qL)2
]
τ−1r , (8)
where τr = γL2/K. For contractile (extensile) stresses, with
S = −1 (S = 1), the most unstable perturbations are trans-
verse (longitudinal), i.e. φ = pi/2 (φ = 0), whereas longitu-
dinal (transverse) modulations are stable. Hereafter, we focus
on the contractile case (S = −1) and we fix θ0 = 0.
The critical wavelength in the unstable direction, λc =
2pi`c[2 +R/2]
1/2, decreases with activity. Therefore, the uni-
form state becomes unstable when λc < L, i.e. for A > Ac =
4pi2(2+R/2), withAc ≈ 100 forR = 1 (Fig. 1A). Right past
the instability threshold, only the longest-wavelength mode is
unstable, and hence the system evolves into a stripe pattern of
wavelength L with a spontaneous shear along the most unsta-
ble direction (Fig. 1B). With increasing activity, the amplitude
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<latexit sha1_base64="9bOno03cQzCUnQKeRbVDiGw2nKU=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQxCLs2sTOgI1lRHOBZAmzk7PJkNnZZWZWCEsewcZCEUt9AJ/FRnwbJ5dCE38Y+Pj/c5hzTpAIro3rfju5ldW19Y38ZmFre2d3r7h/0NBxqhjWWSxi1QqoRsEl1g03AluJQhoFApvB8GqSN+9RaR7LOzNK0I9oX/KQM2qsddtJeLdYcsvuVGQZvDmULj/evsCq1i1+dnoxSyOUhgmqddtzE+NnVBnOBI4LnVRjQtmQ9rFtUdIItZ9NRx2TE+v0SBgr+6QhU/d3R0YjrUdRYCsjagZ6MZuY/2Xt1IQXfsZlkhqUbPZRmApiYjLZm/S4QmbEyAJlittZCRtQRZmx1ynYI3iLKy9D47zsWb5xS9UzmCkPR3AMp+BBBapwDTWoA4M+PMATPDvCeXRenNdZac6Z9xzCHznvP4m1kBo=</latexit><latexit sha1_base64="NszZ3JoeHdZTj9sNLxJadwFSrIo=">AAAB6nicbZDLSgMxFIbP1Fsdb1WXboJFEBdlxk3diAU3LivaC7RDyaSZNjSTCUlGKEMfwY0LRVzaB/BZ3IhvY3pZaOsPgY//P4ecc0LJmTae9+3kVlbX1jfym+7W9s7uXmH/oK6TVBFaIwlPVDPEmnImaM0ww2lTKorjkNNGOLie5I0HqjRLxL0ZShrEuCdYxAg21rprS9YpFL2SNxVaBn8OxauP9y/3Uo6rncJnu5uQNKbCEI61bvmeNEGGlWGE05HbTjWVmAxwj7YsChxTHWTTUUfoxDpdFCXKPmHQ1P3dkeFY62Ec2soYm75ezCbmf1krNdFFkDEhU0MFmX0UpRyZBE32Rl2mKDF8aAETxeysiPSxwsTY67j2CP7iystQPy/5lm+9YuUMZsrDERzDKfhQhgrcQBVqQKAHj/AMLw53npxX521WmnPmPYfwR874B1kSkXU=</latexit><latexit sha1_base64="NszZ3JoeHdZTj9sNLxJadwFSrIo=">AAAB6nicbZDLSgMxFIbP1Fsdb1WXboJFEBdlxk3diAU3LivaC7RDyaSZNjSTCUlGKEMfwY0LRVzaB/BZ3IhvY3pZaOsPgY//P4ecc0LJmTae9+3kVlbX1jfym+7W9s7uXmH/oK6TVBFaIwlPVDPEmnImaM0ww2lTKorjkNNGOLie5I0HqjRLxL0ZShrEuCdYxAg21rprS9YpFL2SNxVaBn8OxauP9y/3Uo6rncJnu5uQNKbCEI61bvmeNEGGlWGE05HbTjWVmAxwj7YsChxTHWTTUUfoxDpdFCXKPmHQ1P3dkeFY62Ec2soYm75ezCbmf1krNdFFkDEhU0MFmX0UpRyZBE32Rl2mKDF8aAETxeysiPSxwsTY67j2CP7iystQPy/5lm+9YuUMZsrDERzDKfhQhgrcQBVqQKAHj/AMLw53npxX521WmnPmPYfwR874B1kSkXU=</latexit><latexit sha1_base64="EwxR8krZcOjNNGBLNSJBblKAQ7Q=">AAAB6nicbZBNSwMxEIZn61etX1WPXoJFEA9l14seC148VrS10C4lm2bb0GyyJLNCWfoTvHhQxKu/yJv/xrTdg7a+EHh4Z4bMvFEqhUXf//ZKa+sbm1vl7crO7t7+QfXwqG11ZhhvMS216UTUcikUb6FAyTup4TSJJH+Mxjez+uMTN1Zo9YCTlIcJHSoRC0bRWfe9VPSrNb/uz0VWISigBoWa/epXb6BZlnCFTFJru4GfYphTg4JJPq30MstTysZ0yLsOFU24DfP5qlNy5pwBibVxTyGZu78ncppYO0ki15lQHNnl2sz8r9bNML4Oc6HSDLlii4/iTBLUZHY3GQjDGcqJA8qMcLsSNqKGMnTpVFwIwfLJq9C+rAeO7/xa46KIowwncArnEMAVNOAWmtACBkN4hld486T34r17H4vWklfMHMMfeZ8/R0eNsQ==</latexit>
0
<latexit sha1_base64="qxx3CnrUlBLy2UxUHZ+yF+o14No=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQxCLs2mhnwMYyAXOBZAmzk7PJmNnZZWZWCEuewMZCEVt9AZ/FRnwbJ5dCE38Y+Pj/c5hzTpAIro3rfju5ldW19Y38ZmFre2d3r7h/0NBxqhjWWSxi1QqoRsEl1g03AluJQhoFApvB8HqSN+9RaR7LWzNK0I9oX/KQM2qsVXO7xZJbdqciy+DNoXT18f4FVtVu8bPTi1kaoTRMUK3bnpsYP6PKcCZwXOikGhPKhrSPbYuSRqj9bDromJxYp0fCWNknDZm6vzsyGmk9igJbGVEz0IvZxPwva6cmvPQzLpPUoGSzj8JUEBOTydakxxUyI0YWKFPczkrYgCrKjL1NwR7BW1x5GRrnZc9yzS1VzmCmPBzBMZyCBxdQgRuoQh0YIDzAEzw7d86j8+K8zkpzzrznEP7IefsBsxGPAQ==</latexit><latexit sha1_base64="/QMWxnx++WV+XwtO20ie8/v4z0Y=">AAAB5HicbZC7SgNBFIbPxltcb9HWZjAIYhF2bbQRAzaWEcwFkiXMTs4mY2Znl5lZISx5AhsLxVbQB/BZbMS3cZJYaOIPAx//fw5zzglTwbXxvC+nsLS8srpWXHc3Nre2d0rubkMnmWJYZ4lIVCukGgWXWDfcCGylCmkcCmyGw8tJ3rxDpXkib8woxSCmfckjzqix1rXXLZW9ijcVWQT/B8oX76+f7nn6VuuWPjq9hGUxSsME1brte6kJcqoMZwLHbifTmFI2pH1sW5Q0Rh3k00HH5NA6PRIlyj5pyNT93ZHTWOtRHNrKmJqBns8m5n9ZOzPRWZBzmWYGJZt9FGWCmIRMtiY9rpAZMbJAmeJ2VsIGVFFm7G1cewR/fuVFaJxUfMvl6jHMVIR9OIAj8OEUqnAFNagDA4R7eIQn59Z5cJ5nhQXnp2MP/sh5+QYKiI82</latexit><latexit sha1_base64="/QMWxnx++WV+XwtO20ie8/v4z0Y=">AAAB5HicbZC7SgNBFIbPxltcb9HWZjAIYhF2bbQRAzaWEcwFkiXMTs4mY2Znl5lZISx5AhsLxVbQB/BZbMS3cZJYaOIPAx//fw5zzglTwbXxvC+nsLS8srpWXHc3Nre2d0rubkMnmWJYZ4lIVCukGgWXWDfcCGylCmkcCmyGw8tJ3rxDpXkib8woxSCmfckjzqix1rXXLZW9ijcVWQT/B8oX76+f7nn6VuuWPjq9hGUxSsME1brte6kJcqoMZwLHbifTmFI2pH1sW5Q0Rh3k00HH5NA6PRIlyj5pyNT93ZHTWOtRHNrKmJqBns8m5n9ZOzPRWZBzmWYGJZt9FGWCmIRMtiY9rpAZMbJAmeJ2VsIGVFFm7G1cewR/fuVFaJxUfMvl6jHMVIR9OIAj8OEUqnAFNagDA4R7eIQn59Z5cJ5nhQXnp2MP/sh5+QYKiI82</latexit><latexit sha1_base64="3CE72kVx35h8M8Iwq2fHitC4v38=">AAAB5HicbZBNSwMxEIZn/azrV/XqJVgE8VB2veix4MVjBfsB7VKy6Wwbm2SXJCuUpb/AiwfFq7/Jm//GtN2Dtr4QeHhnhsy8cSa4sUHw7W1sbm3v7Fb2/P2Dw6Pjqn/SNmmuGbZYKlLdjalBwRW2LLcCu5lGKmOBnXhyN693nlEbnqpHO80wknSkeMIZtc56CAbVWlAPFiLrEJZQg1LNQfWrP0xZLlFZJqgxvTDIbFRQbTkTOPP7ucGMsgkdYc+hohJNVCwWnZEL5wxJkmr3lCUL9/dEQaUxUxm7Tknt2KzW5uZ/tV5uk9uo4CrLLSq2/CjJBbEpmV9Nhlwjs2LqgDLN3a6EjammzLpsfBdCuHryOrSv66HjWuOqDKMCZ3AOlxDCDTTgHprQAgYIL/AG796T9+p9LBs3vHLiFP7I+/wBB82Lcg==</latexit>
A = 200
<latexit sha1_base64="8dVsODwWXHjJkMdH9XgfcVofY58=">AAAB7HicbZDLSgMxFIbP1Futt6pLN8EiuCqZdqEbccSNywpOW2iHkkkzbWgmMyQZoQx9BjcuFHHrC/gm7nwb08tCW38IfPz/OeScE6aCa4Pxt1NYW9/Y3Cpul3Z29/YPyodHTZ1kijKfJiJR7ZBoJrhkvuFGsHaqGIlDwVrh6Haatx6Z0jyRD2acsiAmA8kjTomxln9zVcO4V67gKp4JrYK7gMr1Z73uAUCjV/7q9hOaxUwaKojWHRenJsiJMpwKNil1M81SQkdkwDoWJYmZDvLZsBN0Zp0+ihJlnzRo5v7uyEms9TgObWVMzFAvZ1Pzv6yTmegyyLlMM8MknX8UZQKZBE03R32uGDVibIFQxe2siA6JItTY+5TsEdzllVehWau6lu9xxavCXEU4gVM4BxcuwIM7aIAPFDg8wQu8OtJ5dt6c93lpwVn0HMMfOR8/g2yPPA==</latexit><latexit sha1_base64="8+E1SveC3k8YCNuSsrsaXc2zMWU=">AAAB7HicbZDNSgMxFIXv1L9a/6ou3QSL4Kpk6qJuxIoblxWcttAOJZNm2tBMZkgyQhn6DG5cKOLWF/BN3Pk2ptMutPVA4OOce8m9N0gE1wbjb6ewtr6xuVXcLu3s7u0flA+PWjpOFWUejUWsOgHRTHDJPMONYJ1EMRIFgrWD8e0sbz8ypXksH8wkYX5EhpKHnBJjLe/mqoZxv1zBVZwLrYK7gMr150WuZr/81RvENI2YNFQQrbsuToyfEWU4FWxa6qWaJYSOyZB1LUoSMe1n+bBTdGadAQpjZZ80KHd/d2Qk0noSBbYyImakl7OZ+V/WTU146WdcJqlhks4/ClOBTIxmm6MBV4waMbFAqOJ2VkRHRBFq7H1K9gju8sqr0KpVXcv3uNKowlxFOIFTOAcX6tCAO2iCBxQ4PMELvDrSeXbenPd5acFZ9BzDHzkfPz5pj8g=</latexit><latexit sha1_base64="8+E1SveC3k8YCNuSsrsaXc2zMWU=">AAAB7HicbZDNSgMxFIXv1L9a/6ou3QSL4Kpk6qJuxIoblxWcttAOJZNm2tBMZkgyQhn6DG5cKOLWF/BN3Pk2ptMutPVA4OOce8m9N0gE1wbjb6ewtr6xuVXcLu3s7u0flA+PWjpOFWUejUWsOgHRTHDJPMONYJ1EMRIFgrWD8e0sbz8ypXksH8wkYX5EhpKHnBJjLe/mqoZxv1zBVZwLrYK7gMr150WuZr/81RvENI2YNFQQrbsuToyfEWU4FWxa6qWaJYSOyZB1LUoSMe1n+bBTdGadAQpjZZ80KHd/d2Qk0noSBbYyImakl7OZ+V/WTU146WdcJqlhks4/ClOBTIxmm6MBV4waMbFAqOJ2VkRHRBFq7H1K9gju8sqr0KpVXcv3uNKowlxFOIFTOAcX6tCAO2iCBxQ4PMELvDrSeXbenPd5acFZ9BzDHzkfPz5pj8g=</latexit><latexit sha1_base64="ayKmkv0x7ulMTrmfaw566V3Oevk=">AAAB7HicbZDNSgMxFIVv6l+tf1WXboJFcFUy3ehGqLhxWcFpC+1QMmmmDc1khiQjlKHP4MaFIm59IHe+jWk7C209EPg4915y7wlTKYwl5BuVNja3tnfKu5W9/YPDo+rxSdskmWbcZ4lMdDekhkuhuG+Flbybak7jUPJOOLmb1ztPXBuRqEc7TXkQ05ESkWDUOsu/vWkQMqjWSJ0shNfBK6AGhVqD6ld/mLAs5soySY3peSS1QU61FUzyWaWfGZ5SNqEj3nOoaMxNkC+WneEL5wxxlGj3lMUL9/dETmNjpnHoOmNqx2a1Njf/q/UyG10HuVBpZrliy4+iTGKb4PnleCg0Z1ZOHVCmhdsVszHVlFmXT8WF4K2evA7tRt1z/EBqzXoRRxnO4BwuwYMraMI9tMAHBgKe4RXekEIv6B19LFtLqJg5hT9Cnz9bYI2k</latexit>
A = 500
<latexit sha1_base64="v5yTw11tFBxzciznGoqsI4lXbk4=">AAAB7HicbZDNSgMxFIXv1L9a/6ou3QSL4KpkLKIbseLGZQWnLbRDyaSZNjSTGZKMUIY+gxsXirj1BXwTd76NmbYLbT0Q+DjnXnLvDRLBtcH42ymsrK6tbxQ3S1vbO7t75f2Dpo5TRZlHYxGrdkA0E1wyz3AjWDtRjESBYK1gdJvnrUemNI/lgxknzI/IQPKQU2Ks5d1cnWPcK1dwFU+FlsGdQ+X6s1arA0CjV/7q9mOaRkwaKojWHRcnxs+IMpwKNil1U80SQkdkwDoWJYmY9rPpsBN0Yp0+CmNlnzRo6v7uyEik9TgKbGVEzFAvZrn5X9ZJTXjpZ1wmqWGSzj4KU4FMjPLNUZ8rRo0YWyBUcTsrokOiCDX2PiV7BHdx5WVonlVdy/e4Uq/CTEU4gmM4BRcuoA530AAPKHB4ghd4daTz7Lw577PSgjPvOYQ/cj5+AIf+jz8=</latexit><latexit sha1_base64="ZKx7W79inQ+j5zPa13ykRtC+0Q8=">AAAB7HicbZDNSgMxFIXv1L9a/6ou3QSL4KpklKIbseLGZQWnLbRDyaSZNjSTGZKMUIY+gxsXirj1BXwTd76N6bQLbT0Q+DjnXnLvDRLBtcH42ymsrK6tbxQ3S1vbO7t75f2Dpo5TRZlHYxGrdkA0E1wyz3AjWDtRjESBYK1gdDvNW49MaR7LBzNOmB+RgeQhp8RYy7u5qmHcK1dwFedCy+DOoXL9eZ6r0St/dfsxTSMmDRVE646LE+NnRBlOBZuUuqlmCaEjMmAdi5JETPtZPuwEnVinj8JY2ScNyt3fHRmJtB5Hga2MiBnqxWxq/pd1UhNe+hmXSWqYpLOPwlQgE6Pp5qjPFaNGjC0QqridFdEhUYQae5+SPYK7uPIyNM+qruV7XKlXYaYiHMExnIILF1CHO2iABxQ4PMELvDrSeXbenPdZacGZ9xzCHzkfP0L7j8s=</latexit><latexit sha1_base64="ZKx7W79inQ+j5zPa13ykRtC+0Q8=">AAAB7HicbZDNSgMxFIXv1L9a/6ou3QSL4KpklKIbseLGZQWnLbRDyaSZNjSTGZKMUIY+gxsXirj1BXwTd76N6bQLbT0Q+DjnXnLvDRLBtcH42ymsrK6tbxQ3S1vbO7t75f2Dpo5TRZlHYxGrdkA0E1wyz3AjWDtRjESBYK1gdDvNW49MaR7LBzNOmB+RgeQhp8RYy7u5qmHcK1dwFedCy+DOoXL9eZ6r0St/dfsxTSMmDRVE646LE+NnRBlOBZuUuqlmCaEjMmAdi5JETPtZPuwEnVinj8JY2ScNyt3fHRmJtB5Hga2MiBnqxWxq/pd1UhNe+hmXSWqYpLOPwlQgE6Pp5qjPFaNGjC0QqridFdEhUYQae5+SPYK7uPIyNM+qruV7XKlXYaYiHMExnIILF1CHO2iABxQ4PMELvDrSeXbenPdZacGZ9xzCHzkfP0L7j8s=</latexit><latexit sha1_base64="+kRMNgkW1Zutuu+345uMGbGPD5U=">AAAB7HicbZDNSgMxFIVv6l+tf1WXboJFcFUyguhGqLhxWcFpC+1QMmmmDc1khiQjlKHP4MaFIm59IHe+jWk7C209EPg4915y7wlTKYwl5BuV1tY3NrfK25Wd3b39g+rhUcskmWbcZ4lMdCekhkuhuG+FlbyTak7jUPJ2OL6b1dtPXBuRqEc7SXkQ06ESkWDUOsu/vbkkpF+tkTqZC6+CV0ANCjX71a/eIGFZzJVlkhrT9Uhqg5xqK5jk00ovMzylbEyHvOtQ0ZibIJ8vO8VnzhngKNHuKYvn7u+JnMbGTOLQdcbUjsxybWb+V+tmNroOcqHSzHLFFh9FmcQ2wbPL8UBozqycOKBMC7crZiOqKbMun4oLwVs+eRVaF3XP8QOpNepFHGU4gVM4Bw+uoAH30AQfGAh4hld4Qwq9oHf0sWgtoWLmGP4Iff4AX/KNpw==</latexit>
x
<latexit sha1_base64="UR+a+TxJrxYtP8BWS7PGjs16ASY=">AAAB6HicdZDLSsNAFIZP6q3WW9Wlm8EiuAqJFWpXFty4bMFeoIYymU7asZNJmJmIJfQJ3LhQxK2v4Ju4822cJhVU9IeBj/8/hznn+DFnSjvOh1VYWl5ZXSuulzY2t7Z3yrt7HRUlktA2iXgkez5WlDNB25ppTnuxpDj0Oe36k4t53r2lUrFIXOlpTL0QjwQLGMHaWK27Qbni2PVMKIfa6QLqLnJtJ1Pl/K1abQBAc1B+vx5GJAmp0IRjpfquE2svxVIzwumsdJ0oGmMywSPaNyhwSJWXZoPO0JFxhiiIpHlCo8z93pHiUKlp6JvKEOux+p3Nzb+yfqKDMy9lIk40FST/KEg40hGab42GTFKi+dQAJpKZWREZY4mJNrcpmSN8bYr+h86J7RpuOZWGDbmKcACHcAwu1KABl9CENhCgcA+P8GTdWA/Ws/WSlxasRc8+/JD1+gncPY8P</latexit><latexit sha1_base64="JLFVeIUU+m2jdgv/eMzDjZlaupY=">AAAB6HicdZDLSsNAFIZP6q3WW9Wlm8EiuAqJCrUrC25ctmAv0IYymU7asZNJmJmIJfQJ3LhQxK2v4Ju4822cJhVU9IeBj/8/hznn+DFnSjvOh1VYWl5ZXSuulzY2t7Z3yrt7bRUlktAWiXgkuz5WlDNBW5ppTruxpDj0Oe34k8t53rmlUrFIXOtpTL0QjwQLGMHaWM27Qbni2LVMKIfq2QJqLnJtJ1Pl4u00U2NQfu8PI5KEVGjCsVI914m1l2KpGeF0VuonisaYTPCI9gwKHFLlpdmgM3RknCEKImme0Chzv3ekOFRqGvqmMsR6rH5nc/OvrJfo4NxLmYgTTQXJPwoSjnSE5lujIZOUaD41gIlkZlZExlhios1tSuYIX5ui/6F9YruGm06lbkOuIhzAIRyDC1WowxU0oAUEKNzDIzxZN9aD9Wy95KUFa9GzDz9kvX4ClzqPmw==</latexit><latexit sha1_base64="JLFVeIUU+m2jdgv/eMzDjZlaupY=">AAAB6HicdZDLSsNAFIZP6q3WW9Wlm8EiuAqJCrUrC25ctmAv0IYymU7asZNJmJmIJfQJ3LhQxK2v4Ju4822cJhVU9IeBj/8/hznn+DFnSjvOh1VYWl5ZXSuulzY2t7Z3yrt7bRUlktAWiXgkuz5WlDNBW5ppTruxpDj0Oe34k8t53rmlUrFIXOtpTL0QjwQLGMHaWM27Qbni2LVMKIfq2QJqLnJtJ1Pl4u00U2NQfu8PI5KEVGjCsVI914m1l2KpGeF0VuonisaYTPCI9gwKHFLlpdmgM3RknCEKImme0Chzv3ekOFRqGvqmMsR6rH5nc/OvrJfo4NxLmYgTTQXJPwoSjnSE5lujIZOUaD41gIlkZlZExlhios1tSuYIX5ui/6F9YruGm06lbkOuIhzAIRyDC1WowxU0oAUEKNzDIzxZN9aD9Wy95KUFa9GzDz9kvX4ClzqPmw==</latexit><latexit sha1_base64="i6pH8m2NsDqaAQL0inmpLI12Z0M=">AAAB6HicdZDLSsNAFIZPvNZ6q7p0M1gEVyERoXZXcOOyBXuBNpTJ9KQdO7kwMxFL6BO4caGIWx/JnW/jNI2goj8MfPznHOac308EV9pxPqyV1bX1jc3SVnl7Z3dvv3Jw2FFxKhm2WSxi2fOpQsEjbGuuBfYSiTT0BXb96dWi3r1DqXgc3ehZgl5IxxEPOKPaWK37YaXq2PVcZAm1iwLqLnFtJ1cVCjWHlffBKGZpiJFmgirVd51EexmVmjOB8/IgVZhQNqVj7BuMaIjKy/JF5+TUOCMSxNK8SJPc/T6R0VCpWeibzpDqifpdW5h/1fqpDi69jEdJqjFiy4+CVBAdk8XVZMQlMi1mBiiT3OxK2IRKyrTJpmxC+LqU/A+dc9s13HKqDbuIowTHcAJn4EINGnANTWgDA4QHeIJn69Z6tF6s12XrilXMHMEPWW+ftDGNdw==</latexit>
y
<latexit sha1_base64="9v7UIuFQBbVlW3qIVPe3eadCX/0=">AAAB6HicdZDLSsNAFIZP6qW13qou3QwWwVVIRKjdFdy4bMFeoC1lMp20YyeTMDMRQii4d+NCEbc+kjufQfAZnCYVVPSHgY//nMOc83sRZ0o7zptVWFldWy+WNsqbW9s7u5W9/Y4KY0lom4Q8lD0PK8qZoG3NNKe9SFIceJx2vdnFot69oVKxUFzpJKLDAE8E8xnB2litZFSpOnY9E8qhdraEuotc28lUbRQ/3m8BoDmqvA7GIYkDKjThWKm+60R6mGKpGeF0Xh7EikaYzPCE9g0KHFA1TLNF5+jYOGPkh9I8oVHmfp9IcaBUEnimM8B6qn7XFuZftX6s/fNhykQUaypI/pEfc6RDtLgajZmkRPPEACaSmV0RmWKJiTbZlE0IX5ei/6FzaruGWyYNG3KV4BCO4ARcqEEDLqEJbSBA4Q4e4NG6tu6tJ+s5by1Yy5kD+CHr5RNAzZAY</latexit><latexit sha1_base64="Dz6Ne71bLM/WIn/CbBHDmNTfUWw=">AAAB6HicdZDLSsNAFIYn9dJab1WXbgZFcRUSEWp3BTcuW7AXaEuZTE/asZNJmJkIIfQJ3LhQxK1v49adzyD4DE6TCir6w8DHf85hzvm9iDOlHefNKiwtr6wWS2vl9Y3Nre3Kzm5bhbGk0KIhD2XXIwo4E9DSTHPoRhJI4HHoeNOLeb1zA1KxUFzpJIJBQMaC+YwSbaxmMqwcOnYtE86heraAmotd28l0WC9+vEfHhZfGsPLaH4U0DkBoyolSPdeJ9CAlUjPKYVbuxwoiQqdkDD2DggSgBmm26AwfGWeE/VCaJzTO3O8TKQmUSgLPdAZET9Tv2tz8q9aLtX8+SJmIYg2C5h/5Mcc6xPOr8YhJoJonBgiVzOyK6YRIQrXJpmxC+LoU/w/tU9s13DRp2ChXCe2jA3SCXFRFdXSJGqiFKAJ0i+7Rg3Vt3VmP1lPeWrAWM3voh6znT2yvkPk=</latexit><latexit sha1_base64="Dz6Ne71bLM/WIn/CbBHDmNTfUWw=">AAAB6HicdZDLSsNAFIYn9dJab1WXbgZFcRUSEWp3BTcuW7AXaEuZTE/asZNJmJkIIfQJ3LhQxK1v49adzyD4DE6TCir6w8DHf85hzvm9iDOlHefNKiwtr6wWS2vl9Y3Nre3Kzm5bhbGk0KIhD2XXIwo4E9DSTHPoRhJI4HHoeNOLeb1zA1KxUFzpJIJBQMaC+YwSbaxmMqwcOnYtE86heraAmotd28l0WC9+vEfHhZfGsPLaH4U0DkBoyolSPdeJ9CAlUjPKYVbuxwoiQqdkDD2DggSgBmm26AwfGWeE/VCaJzTO3O8TKQmUSgLPdAZET9Tv2tz8q9aLtX8+SJmIYg2C5h/5Mcc6xPOr8YhJoJonBgiVzOyK6YRIQrXJpmxC+LoU/w/tU9s13DRp2ChXCe2jA3SCXFRFdXSJGqiFKAJ0i+7Rg3Vt3VmP1lPeWrAWM3voh6znT2yvkPk=</latexit><latexit sha1_base64="pHneXrHYY38gTe9XXbExQyVXi3Y=">AAAB6HicdZDLSsNAFIZP6q3WW9Wlm8EiuAqJCLW7ghuXLdgLtKFMpift2MmFmYlQQp/AjQtF3PpI7nwbp2kEFf1h4OM/5zDn/H4iuNKO82GV1tY3NrfK25Wd3b39g+rhUVfFqWTYYbGIZd+nCgWPsKO5FthPJNLQF9jzZ9fLeu8epeJxdKvnCXohnUQ84IxqY7Xno2rNsRu5yArqlwU0XOLaTq4aFGqNqu/DcczSECPNBFVq4DqJ9jIqNWcCF5VhqjChbEYnODAY0RCVl+WLLsiZccYkiKV5kSa5+30io6FS89A3nSHVU/W7tjT/qg1SHVx5GY+SVGPEVh8FqSA6JsuryZhLZFrMDVAmudmVsCmVlGmTTcWE8HUp+R+6F7ZruO3UmnYRRxlO4BTOwYU6NOEGWtABBggP8ATP1p31aL1Yr6vWklXMHMMPWW+ftbWNeA==</latexit>
✓
<latexit sha1_base64="GP387azpwBpt4cyJfGn4spakMcg=">AAAB7XicdZDLSgNBEEVr4ivGV9Slm8YguBpmVIhZGXDjMoJ5QDKEnk5P0qbnQXeNEEL+wY0LRdz6Af6JO//GzkwEFb3QcLi3iq4qP5FCo+N8WIWl5ZXVteJ6aWNza3unvLvX0nGqGG+yWMaq41PNpYh4EwVK3kkUp6EvedsfX87z9h1XWsTRDU4S7oV0GIlAMIrGavVwxJH2yxXHrmUiOVTPFlBziWs7mSoXb6endQBo9MvvvUHM0pBHyCTVuus6CXpTqlAwyWelXqp5QtmYDnnXYERDrr1pNu2MHBlnQIJYmRchydzvHVMaaj0JfVMZUhzp39nc/Cvrphice1MRJSnyiOUfBakkGJP56mQgFGcoJwYoU8LMStiIKsrQHKhkjvC1KfkfWie2a/jaqdRtyFWEAziEY3ChCnW4ggY0gcEt3MMjPFmx9WA9Wy95acFa9OzDD1mvn5n7kTs=</latexit><latexit sha1_base64="g8IrAuZhh3kn0QlWo7f5e4Vd9Ck=">AAAB7XicdZDLSgMxFIYz9VbrrerSTbAIroYZFWpXFty4rGAv0A4lk2ba2EwyJGeEUvoOblwo4tYH8E3c+TamMxVU9IfAx/+fQ845YSK4Ac/7cApLyyura8X10sbm1vZOeXevZVSqKWtSJZTuhMQwwSVrAgfBOolmJA4Fa4fjy3nevmPacCVvYJKwICZDySNOCVir1YMRA9IvVzy3lgnnUD1bQM3Hvutlqly8nWZq9MvvvYGiacwkUEGM6fpeAsGUaOBUsFmplxqWEDomQ9a1KEnMTDDNpp3hI+sMcKS0fRJw5n7vmJLYmEkc2sqYwMj8zubmX1k3heg8mHKZpMAkzT+KUoFB4fnqeMA1oyAmFgjV3M6K6YhoQsEeqGSP8LUp/h9aJ65v+dqr1F2Uq4gO0CE6Rj6qojq6Qg3URBTdonv0iJ4c5Tw4z85LXlpwFj376Iec109U+JHH</latexit><latexit sha1_base64="g8IrAuZhh3kn0QlWo7f5e4Vd9Ck=">AAAB7XicdZDLSgMxFIYz9VbrrerSTbAIroYZFWpXFty4rGAv0A4lk2ba2EwyJGeEUvoOblwo4tYH8E3c+TamMxVU9IfAx/+fQ845YSK4Ac/7cApLyyura8X10sbm1vZOeXevZVSqKWtSJZTuhMQwwSVrAgfBOolmJA4Fa4fjy3nevmPacCVvYJKwICZDySNOCVir1YMRA9IvVzy3lgnnUD1bQM3Hvutlqly8nWZq9MvvvYGiacwkUEGM6fpeAsGUaOBUsFmplxqWEDomQ9a1KEnMTDDNpp3hI+sMcKS0fRJw5n7vmJLYmEkc2sqYwMj8zubmX1k3heg8mHKZpMAkzT+KUoFB4fnqeMA1oyAmFgjV3M6K6YhoQsEeqGSP8LUp/h9aJ65v+dqr1F2Uq4gO0CE6Rj6qojq6Qg3URBTdonv0iJ4c5Tw4z85LXlpwFj376Iec109U+JHH</latexit><latexit sha1_base64="gXZHfTfG8ta01n+PbiuPQ+6DW+0=">AAAB7XicdZBNS8NAEIYnftb6VfXoZbEInkoiQu2t4MVjBfsBbSib7aZdu9mE3YlQQv+DFw+KePX/ePPfuE0jqOgLCw/vzLAzb5BIYdB1P5yV1bX1jc3SVnl7Z3dvv3Jw2DFxqhlvs1jGuhdQw6VQvI0CJe8lmtMokLwbTK8W9e4910bE6hZnCfcjOlYiFIyitToDnHCkw0rVrTVykSXULwpoeMSrubmqUKg1rLwPRjFLI66QSWpM33MT9DOqUTDJ5+VBanhC2ZSOed+iohE3fpZvOyen1hmRMNb2KSS5+30io5ExsyiwnRHFifldW5h/1fophpd+JlSSIlds+VGYSoIxWZxORkJzhnJmgTIt7K6ETaimDG1AZRvC16Xkf+ic1zzLN261WSviKMExnMAZeFCHJlxDC9rA4A4e4Amendh5dF6c12XrilPMHMEPOW+fce+Pow==</latexit>
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<latexit sha1_base64="gpeDHlFqBdUfU+vxBvYM2Cg/FC4=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBIvgqiS60J0VNy4r2Ae0oUymk3bo5MHMjRhC/BU3LhRxJfgh7vwbJ20X2npg4HDOvdwzx4sFV2jb30ZpZXVtfaO8Wdna3tndM/cP2ipKJGUtGolIdj2imOAhayFHwbqxZCTwBOt4k+vC79wzqXgU3mEaMzcgo5D7nBLU0sCs9gOCY8/P+sgeUPnZVZ4PzJpdt6ewlokzJ7XLj7OzBgA0B+ZXfxjRJGAhUkGU6jl2jG5GJHIqWF7pJ4rFhE7IiPU0DUnAlJtNw+fWsVaGlh9J/UK0purvjYwESqWBpyeLqGrRK8T/vF6C/oWb8TBOkIV0dshPhIWRVTRhDblkFEWqCaGS66wWHRNJKOq+KroEZ/HLy6R9Wnc0v7VrjTrMUIZDOIITcOAcGnADTWgBhRSe4AVejUfj2Xgz3mejJWO+U4U/MD5/AL86luI=</latexit><latexit sha1_base64="Fjn9VLkwKCOE61WlaVnK9Z9a1w8=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkVwVRJd6M6KG5cV7AOaUCbTSTt0MgkzN2II8VfcuFDEleCHuPNvnKRdaOuBgcM593LPHD/mTIFtfxuVldW19Y3qZm1re2d3z9w/6KookYR2SMQj2fexopwJ2gEGnPZjSXHoc9rzp9eF37unUrFI3EEaUy/EY8ECRjBoaWjW3RDDxA8yF+gDqCC7yvOh2bCbdglrmThz0rj8OCvRHppf7igiSUgFEI6VGjh2DF6GJTDCaV5zE0VjTKZ4TAeaChxS5WVl+Nw61srICiKpnwCrVH9vZDhUKg19PVlEVYteIf7nDRIILryMiTgBKsjsUJBwCyKraMIaMUkJ8FQTTCTTWS0ywRIT0H3VdAnO4peXSfe06Wh+azdaTTRDFR2iI3SCHHSOWugGtVEHEZSiJ/SCXo1H49l4M95noxVjvlNHf2B8/gB6N5du</latexit><latexit sha1_base64="Fjn9VLkwKCOE61WlaVnK9Z9a1w8=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkVwVRJd6M6KG5cV7AOaUCbTSTt0MgkzN2II8VfcuFDEleCHuPNvnKRdaOuBgcM593LPHD/mTIFtfxuVldW19Y3qZm1re2d3z9w/6KookYR2SMQj2fexopwJ2gEGnPZjSXHoc9rzp9eF37unUrFI3EEaUy/EY8ECRjBoaWjW3RDDxA8yF+gDqCC7yvOh2bCbdglrmThz0rj8OCvRHppf7igiSUgFEI6VGjh2DF6GJTDCaV5zE0VjTKZ4TAeaChxS5WVl+Nw61srICiKpnwCrVH9vZDhUKg19PVlEVYteIf7nDRIILryMiTgBKsjsUJBwCyKraMIaMUkJ8FQTTCTTWS0ywRIT0H3VdAnO4peXSfe06Wh+azdaTTRDFR2iI3SCHHSOWugGtVEHEZSiJ/SCXo1H49l4M95noxVjvlNHf2B8/gB6N5du</latexit><latexit sha1_base64="jKAUxNhFioLBkPHuhaI5e6QC+vU=">AAAB/HicbVC7TsMwFHV4lvIKdGSxqJCYqoQFxiIWxiLRh9REleM6rVXHiewbRBSFX2FhACFWPoSNv8FpM0DLkSwdnXOv7vEJEsE1OM63tba+sbm1Xdup7+7tHxzaR8c9HaeKsi6NRawGAdFMcMm6wEGwQaIYiQLB+sHspvT7D0xpHst7yBLmR2QiecgpASON7IYXEZgGYe4BewQd5tdFMbKbTsuZA68StyJNVKEzsr+8cUzTiEmggmg9dJ0E/Jwo4FSwou6lmiWEzsiEDQ2VJGLaz+fhC3xmlDEOY2WeBDxXf2/kJNI6iwIzWUbVy14p/ucNUwiv/JzLJAUm6eJQmAoMMS6bwGOuGAWRGUKo4iYrplOiCAXTV92U4C5/eZX0Llqu4XdOs92q6qihE3SKzpGLLlEb3aIO6iKKMvSMXtGb9WS9WO/Wx2J0zap2GugPrM8fly6VSg==</latexit>
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<latexit sha1_base64="It0MO3oumGPZWz5e047jNXSIafk=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBIvgqiS60J1FNy4r2Ae0oUymk3bo5MHMjRhC/BU3LhRxJfgh7vwbJ20X2npg4HDOvdwzx4sFV2jb30ZpZXVtfaO8Wdna3tndM/cP2ipKJGUtGolIdj2imOAhayFHwbqxZCTwBOt4k+vC79wzqXgU3mEaMzcgo5D7nBLU0sCs9gOCY8/P+sgeUPnZVZ4PzJpdt6ewlokzJ7XLj7OzBgA0B+ZXfxjRJGAhUkGU6jl2jG5GJHIqWF7pJ4rFhE7IiPU0DUnAlJtNw+fWsVaGlh9J/UK0purvjYwESqWBpyeLqGrRK8T/vF6C/oWb8TBOkIV0dshPhIWRVTRhDblkFEWqCaGS66wWHRNJKOq+KroEZ/HLy6R9Wnc0v7VrjTrMUIZDOIITcOAcGnADTWgBhRSe4AVejUfj2Xgz3mejJWO+U4U/MD5/AMDAluM=</latexit><latexit sha1_base64="h4/VsdtuMO/p97de4Dli0dxbiKY=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkVwVRJd6M6iG5cV7AOaUCbTSTt0MgkzN2II8VfcuFDEleCHuPNvnKRdaOuBgcM593LPHD/mTIFtfxuVldW19Y3qZm1re2d3z9w/6KookYR2SMQj2fexopwJ2gEGnPZjSXHoc9rzp9eF37unUrFI3EEaUy/EY8ECRjBoaWjW3RDDxA8yF+gDqCC7yvOh2bCbdglrmThz0rj8OCvRHppf7igiSUgFEI6VGjh2DF6GJTDCaV5zE0VjTKZ4TAeaChxS5WVl+Nw61srICiKpnwCrVH9vZDhUKg19PVlEVYteIf7nDRIILryMiTgBKsjsUJBwCyKraMIaMUkJ8FQTTCTTWS0ywRIT0H3VdAnO4peXSfe06Wh+azdaTTRDFR2iI3SCHHSOWugGtVEHEZSiJ/SCXo1H49l4M95noxVjvlNHf2B8/gB7vZdv</latexit><latexit sha1_base64="h4/VsdtuMO/p97de4Dli0dxbiKY=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkVwVRJd6M6iG5cV7AOaUCbTSTt0MgkzN2II8VfcuFDEleCHuPNvnKRdaOuBgcM593LPHD/mTIFtfxuVldW19Y3qZm1re2d3z9w/6KookYR2SMQj2fexopwJ2gEGnPZjSXHoc9rzp9eF37unUrFI3EEaUy/EY8ECRjBoaWjW3RDDxA8yF+gDqCC7yvOh2bCbdglrmThz0rj8OCvRHppf7igiSUgFEI6VGjh2DF6GJTDCaV5zE0VjTKZ4TAeaChxS5WVl+Nw61srICiKpnwCrVH9vZDhUKg19PVlEVYteIf7nDRIILryMiTgBKsjsUJBwCyKraMIaMUkJ8FQTTCTTWS0ywRIT0H3VdAnO4peXSfe06Wh+azdaTTRDFR2iI3SCHHSOWugGtVEHEZSiJ/SCXo1H49l4M95noxVjvlNHf2B8/gB7vZdv</latexit><latexit sha1_base64="9Hh2FFw+55501NyY0QpYoM21Tmo=">AAAB/HicbVC7TsMwFHV4lvIKdGSxqJCYqoQFxgoWxiLRh9REleM6rVXHiewbRBSFX2FhACFWPoSNv8FpM0DLkSwdnXOv7vEJEsE1OM63tba+sbm1Xdup7+7tHxzaR8c9HaeKsi6NRawGAdFMcMm6wEGwQaIYiQLB+sHspvT7D0xpHst7yBLmR2QiecgpASON7IYXEZgGYe4BewQd5tdFMbKbTsuZA68StyJNVKEzsr+8cUzTiEmggmg9dJ0E/Jwo4FSwou6lmiWEzsiEDQ2VJGLaz+fhC3xmlDEOY2WeBDxXf2/kJNI6iwIzWUbVy14p/ucNUwiv/JzLJAUm6eJQmAoMMS6bwGOuGAWRGUKo4iYrplOiCAXTV92U4C5/eZX0Llqu4XdOs92q6qihE3SKzpGLLlEb3aIO6iKKMvSMXtGb9WS9WO/Wx2J0zap2GugPrM8fmLSVSw==</latexit>
C
<latexit sha1_base64="KOQXnQm7FP/ccqT12ptwri76fV4=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBIvgqiS60J2FblxWsA9oQplMJ+3QyYOZGzGE+ituXCjiSvBD3Pk3TtoutPXAwOGce7lnjp8IrtC2v43S2vrG5lZ5u7Kzu7d/YB4edVScSsraNBax7PlEMcEj1kaOgvUSyUjoC9b1J83C794zqXgc3WGWMC8ko4gHnBLU0sCsuiHBsR/kLrIHVEHenE4HZs2u2zNYq8RZkNr1x8VFAwBaA/PLHcY0DVmEVBCl+o6doJcTiZwKNq24qWIJoRMyYn1NIxIy5eWz8FPrVCtDK4ilfhFaM/X3Rk5CpbLQ15NFVLXsFeJ/Xj/F4MrLeZSkyCI6PxSkwsLYKpqwhlwyiiLThFDJdVaLjokkFHVfFV2Cs/zlVdI5rzua39q1Rh3mKMMxnMAZOHAJDbiBFrSBQgZP8AKvxqPxbLwZ7/PRkrHYqcIfGJ8/wkaW5A==</latexit><latexit sha1_base64="/xBIMi6jY8x87mgaku/F5hw63cc=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkVwVRJd6M5CNy4r2Ac0oUymk3boZBJmbsQQ4q+4caGIK8EPceffOEm70NYDA4dz7uWeOX7MmQLb/jYqa+sbm1vV7drO7t7+gXl41FNRIgntkohHcuBjRTkTtAsMOB3EkuLQ57Tvz9qF37+nUrFI3EEaUy/EE8ECRjBoaWTW3RDD1A8yF+gDqCBr5/nIbNhNu4S1SpwFaVx/XJTojMwvdxyRJKQCCMdKDR07Bi/DEhjhNK+5iaIxJjM8oUNNBQ6p8rIyfG6damVsBZHUT4BVqr83MhwqlYa+niyiqmWvEP/zhgkEV17GRJwAFWR+KEi4BZFVNGGNmaQEeKoJJpLprBaZYokJ6L5qugRn+curpHfedDS/tRutJpqjio7RCTpDDrpELXSDOqiLCErRE3pBr8aj8Wy8Ge/z0Yqx2KmjPzA+fwB9Q5dw</latexit><latexit sha1_base64="/xBIMi6jY8x87mgaku/F5hw63cc=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkVwVRJd6M5CNy4r2Ac0oUymk3boZBJmbsQQ4q+4caGIK8EPceffOEm70NYDA4dz7uWeOX7MmQLb/jYqa+sbm1vV7drO7t7+gXl41FNRIgntkohHcuBjRTkTtAsMOB3EkuLQ57Tvz9qF37+nUrFI3EEaUy/EE8ECRjBoaWTW3RDD1A8yF+gDqCBr5/nIbNhNu4S1SpwFaVx/XJTojMwvdxyRJKQCCMdKDR07Bi/DEhjhNK+5iaIxJjM8oUNNBQ6p8rIyfG6damVsBZHUT4BVqr83MhwqlYa+niyiqmWvEP/zhgkEV17GRJwAFWR+KEi4BZFVNGGNmaQEeKoJJpLprBaZYokJ6L5qugRn+curpHfedDS/tRutJpqjio7RCTpDDrpELXSDOqiLCErRE3pBr8aj8Wy8Ge/z0Yqx2KmjPzA+fwB9Q5dw</latexit><latexit sha1_base64="+uDajUXo+tmcZAHWL8xssbjoNnI=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclcSNLgvduKxgH9CEMplO2qGTSZi5EUOIv+LGhSJu/RB3/o2TNgttPTBwOOde7pkTJIJrcJxva2Nza3tnt7ZX3z84PDq2T077Ok4VZT0ai1gNA6KZ4JL1gINgw0QxEgWCDYJ5p/QHD0xpHst7yBLmR2QqecgpASON7YYXEZgFYe4BewQd5p2iGNtNp+UsgNeJW5EmqtAd21/eJKZpxCRQQbQeuU4Cfk4UcCpYUfdSzRJC52TKRoZKEjHt54vwBb4wygSHsTJPAl6ovzdyEmmdRYGZLKPqVa8U//NGKYQ3fs5lkgKTdHkoTAWGGJdN4AlXjILIDCFUcZMV0xlRhILpq25KcFe/vE76Vy3X8Dun2W5VddTQGTpHl8hF16iNblEX9RBFGXpGr+jNerJerHfrYzm6YVU7DfQH1ucPmjqVTA==</latexit>
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<latexit sha1_base64="74uelm6D0T3TAcw9u/Cr4FIysKk=">AAACIXicbZA9T8MwEIYdvilfBUYWi4LEVCUsMCLBwAgSBaSmqi7upbWwnWBfkKqof4WFv8LCAEJsiD+DGzrwddOj972z794kV9JRGL4HU9Mzs3PzC4u1peWV1bX6+salyworsCUyldnrBBwqabBFkhRe5xZBJwqvkpvjsX91h9bJzFzQMMeOhr6RqRRAXurWD+M0M5SClmpY5qRHsX8LBY1VfiKtx8xyMH2F8W0BPb4T0wAJdrr1RtgMq+J/IZpAg03qrFt/i3uZKDQaEgqca0dhTp0SLEmhcFSLC4c5iBvoY9ujAY2uU1YXjviuV3o89atUi1Xq94kStHNDnfhODTRwv72x+J/XLig97JTS5AWhEV8fpYXilPFxXLxXRaCGHkBY6XflYgAWBPlQaz6E6PfJf+Fyvxl5Pt9vHDUncSywLbbN9ljEDtgRO2VnrMUEu2eP7Jm9BA/BU/AavH21TgWTmU32o4KPTypapJo=</latexit><latexit sha1_base64="74uelm6D0T3TAcw9u/Cr4FIysKk=">AAACIXicbZA9T8MwEIYdvilfBUYWi4LEVCUsMCLBwAgSBaSmqi7upbWwnWBfkKqof4WFv8LCAEJsiD+DGzrwddOj972z794kV9JRGL4HU9Mzs3PzC4u1peWV1bX6+salyworsCUyldnrBBwqabBFkhRe5xZBJwqvkpvjsX91h9bJzFzQMMeOhr6RqRRAXurWD+M0M5SClmpY5qRHsX8LBY1VfiKtx8xyMH2F8W0BPb4T0wAJdrr1RtgMq+J/IZpAg03qrFt/i3uZKDQaEgqca0dhTp0SLEmhcFSLC4c5iBvoY9ujAY2uU1YXjviuV3o89atUi1Xq94kStHNDnfhODTRwv72x+J/XLig97JTS5AWhEV8fpYXilPFxXLxXRaCGHkBY6XflYgAWBPlQaz6E6PfJf+Fyvxl5Pt9vHDUncSywLbbN9ljEDtgRO2VnrMUEu2eP7Jm9BA/BU/AavH21TgWTmU32o4KPTypapJo=</latexit><latexit sha1_base64="74uelm6D0T3TAcw9u/Cr4FIysKk=">AAACIXicbZA9T8MwEIYdvilfBUYWi4LEVCUsMCLBwAgSBaSmqi7upbWwnWBfkKqof4WFv8LCAEJsiD+DGzrwddOj972z794kV9JRGL4HU9Mzs3PzC4u1peWV1bX6+salyworsCUyldnrBBwqabBFkhRe5xZBJwqvkpvjsX91h9bJzFzQMMeOhr6RqRRAXurWD+M0M5SClmpY5qRHsX8LBY1VfiKtx8xyMH2F8W0BPb4T0wAJdrr1RtgMq+J/IZpAg03qrFt/i3uZKDQaEgqca0dhTp0SLEmhcFSLC4c5iBvoY9ujAY2uU1YXjviuV3o89atUi1Xq94kStHNDnfhODTRwv72x+J/XLig97JTS5AWhEV8fpYXilPFxXLxXRaCGHkBY6XflYgAWBPlQaz6E6PfJf+Fyvxl5Pt9vHDUncSywLbbN9ljEDtgRO2VnrMUEu2eP7Jm9BA/BU/AavH21TgWTmU32o4KPTypapJo=</latexit><latexit sha1_base64="74uelm6D0T3TAcw9u/Cr4FIysKk=">AAACIXicbZA9T8MwEIYdvilfBUYWi4LEVCUsMCLBwAgSBaSmqi7upbWwnWBfkKqof4WFv8LCAEJsiD+DGzrwddOj972z794kV9JRGL4HU9Mzs3PzC4u1peWV1bX6+salyworsCUyldnrBBwqabBFkhRe5xZBJwqvkpvjsX91h9bJzFzQMMeOhr6RqRRAXurWD+M0M5SClmpY5qRHsX8LBY1VfiKtx8xyMH2F8W0BPb4T0wAJdrr1RtgMq+J/IZpAg03qrFt/i3uZKDQaEgqca0dhTp0SLEmhcFSLC4c5iBvoY9ujAY2uU1YXjviuV3o89atUi1Xq94kStHNDnfhODTRwv72x+J/XLig97JTS5AWhEV8fpYXilPFxXLxXRaCGHkBY6XflYgAWBPlQaz6E6PfJf+Fyvxl5Pt9vHDUncSywLbbN9ljEDtgRO2VnrMUEu2eP7Jm9BA/BU/AavH21TgWTmU32o4KPTypapJo=</latexit>
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Figure 1. Stationary patterns upon the spontaneous flow instability.
(A) Growth rate Eq. (8) of perturbations transverse to the director
(φ = pi/2) for a contractile system (S = −1) with R = 1. The crit-
ical wavelength ∼ `c decreases with the activity number A. Points
indicate numerical results (Methods), with discrete wave numbers for
a system of size L. (B) Stripe pattern and the corresponding spon-
taneous shear flow for A = 200. (C) Stable vortex pattern at higher
activity number A = 500. Small bars indicate the director (top).
Lines with arrows indicate streamlines (bottom).
of the pattern increases, and the domain walls, where the flow
concentrates, become thinner (SI, One-dimensional stripe pat-
terns).
At higher activity, the striped pattern undergoes a zig-zag
instability that breaks translational invariance along the xˆ di-
rection. The stripes become increasingly undulated and break
up into vortices (Fig. 1C, SI Movie 1). For these vortex pat-
terns, reflection symmetry (θ → −θ, y → −y, ψ → −ψ) is
spontaneously broken. Therefore, a pattern of vortices with
the opposite orientation and vorticity is a degenerate solution.
At high activity, vortex lattice solutions also exist but they are
unstable (SI, Vortex patterns). All these patterns satisfy the
condition ψ = 2θ/A+ c, with c constant, such that the direc-
tor angle remains constant along streamlines (Fig. 1C, see SI,
A
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Figure 2. Disordered pattern of director domains with a characteristic
wavelength. (A) Snapshot of the angle field for a system size of
2048 × 2048 grid points at activity number Amax = 3.2 · 105. (B)
The spectrum of the Frank elastic energy Eq. (4) (Eq. (S29), units of
K/Lmax) is peaked at an intrinsic wavelength λi ∼ `c independent of
system size. Here, `c is held fixed (`c = Lmax/
√
Amax ≈ Lmax/566),
such that the activity number A = L2/`2c increases with system size
L = n∆. The wave number is rescaled by the largest system size
Lmax, such that the axis shows the mode number in the largest system
(n = 2048).
Vortex patterns).
Route to turbulence and nonlinear wavelength selection
The vortex patterns remain stable up to values ofA ∼ 1500.
For larger activities, we find that the system shows signa-
tures of excitable dynamics [35, 51], whereby long transients
with slow dynamics are interspersed with rapid rearrange-
ments into a degenerate orientation of the pattern. Further
increasing the activity, the pattern becomes increasingly dis-
ordered (Fig. 2A) and exhibits persistent dynamics suggestive
of spatiotemporal chaos (SI Movie 2). Overall, this sequence
of dynamical patterns can be seen as a route from laminar to
turbulent flow.
In the disordered chaotic patterns, the spectrum of Frank
elastic energy (Eqs. (4) and (S29)) features a peak at a wave-
length independent of system size (Fig. 2B). However, the lin-
ear dynamics of the spontaneous-flow instability does not se-
lect any intrinsic wavelength but only the direction of the most
unstable modes (Eq. (8) and Fig. 1A). Therefore, the intrinsic
wavelength λi ∼ `c of the patterns (Fig. 2) must be selected
by the nonlinear dynamics of the director field (Eq. (5)). In
fact, the nonlinear selection mechanism is based on the dy-
4namics of evolution toward the turbulent state. For example,
upon a quench from the uniform state θ0 = 0 to the highly
turbulent regime (A  5000), the system splits into two qui-
escent domains of uniform orientation θ = ±pi/2 separated
by walls of thickness ∼ `c  L (SI, One-dimensional stripe
patterns). The uniform domains are unstable in the perpen-
dicular direction, and hence they also split. This process con-
tinues sequentially until the domain size is comparable to the
wall thickness∼ `c. Thereby, this transient instability cascade
ends up restoring global rotational invariance and selecting a
wavelength for the flow pattern. A sequential process similar
to this instability cascade was recently observed experimen-
tally [52].
Spectral energy balance
To probe possible energy fluxes across scales, we perform
a spectral analysis of energy balance in the fully turbulent
regime. The energy of nematic liquid crystals includes not
only the kinetic energy of the flow but also the Frank elastic
energy of the director field, Fn. For vanishing Reynolds num-
ber, the kinetic contribution vanishes. Thus, the rate of change
of the average energy, which vanishes in a statistically station-
ary state, can be expressed in Fourier space as (SI, Derivation
of the spectral energy balance)
F˙n(q) = −Ds(q)−Dr(q) + I(q) + T (q) = 0. (9)
Here, we have separated four contributions: the shear viscous
dissipation rate of the flow,Ds(q); the rotational viscous dissi-
pation rate of the director field, Dr(q); the power injected by
the active stress, I(q); and the power T (q) transferred from
other scales into mode q, which arises from the advection of
the director field. The explicit form of these contributions in
both real and momentum space are given in the SI, Derivation
of the spectral energy balance. In the following, we analyze
the spectra of the contributions in Eq. (9) (Eq. (S32)).
In contrast to inertial turbulence, the energy injection is not
controlled externally but it is a self-organized process. We
find that the active power I has a probability distribution with
a positive average, meaning that active stress yields a net in-
jection of energy into the flow (Fig. S1). In stationary con-
ditions, the spectral distribution of active energy injection is
broad, with a maximum at the selected wavelength λi (Fig. 3),
where the stored elastic energy is also maximal (Fig. 2B).
Also in contrast to inertial turbulence, the power injection
spectrum is balanced by the sum of the dissipation rate spec-
tra locally in Fourier space (Fig. 3). This means that the en-
ergy injected at a given scale is entirely dissipated at that same
scale. Therefore, there is no energy transfer between scales,
and hence no energy cascade. Indeed, using symmetry argu-
ments, we show that the energy transfer term vanishes for all
q, T (~q) = 0 (SI, Absence of energy transfer between scales),
which we verify numerically (Fig. 3).
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Figure 3. Spectra of the four contributions to the energy balance
Eq. (9) (Eq. (S32)). These results are for the largest system size with
2048 × 2048 grid points at activity number A = 3.2 · 105. Fig. S2
shows results for smaller systems. The active energy injection is en-
tirely balanced by dissipation at every scale; no energy is transferred
between scales. The energy injection rate is maximal at the selected
wavelength λi.
Universal scaling
Finally, to study the structure of the turbulent flow, we ana-
lyze the spectra of the kinetic energy per mass density, E, and
of the enstrophy E :
E =
1
2
∫
A
v2 d2~r, E =
∫
A
ω2 d2~r. (10)
Hereafter, we call E the kinetic energy. The prominent injec-
tion of energy at the selected wavelength λi gives rise to vor-
tices of that typical size (the small ripples in Fig. 4A). Accord-
ingly, the kinetic energy and the enstrophy spectra (Eqs. (S35)
and (S38)) exhibit a peak at λi (Fig. 4B-C). At wavelengths
smaller than this typical vortex size, these spectra respectively
scale as E(q) ∼ q−4 and E(q) = 2q2E(q) ∼ q−2, in agree-
ment with the numerical results and mean-field predictions of
Giomi [40]. These scalings characterize the internal structure
of the vortices.
At scales larger than λi, the system develops large patches
of non-coherent but correlated flow with net circulation (large-
scale structures in Fig. 4A), each of which encompasses many
of the smaller coherent vortices (SI Movie 3). These large-
scale structures emerge from the non-local character of Stokes
flow. Thereby, local fluctuations of the vorticity source s in-
stantaneously propagate to the whole system through the long-
range kernel of Eq. (6a). As a result, the flow field builds up
long-range correlations, and hence the spectrum E(q) should
display scale invariance at large length scales.
To extract the scaling exponent from the governing equa-
tions, we first analyze the spectrum of the vorticity source
s(~r, t), which is ultimately determined by the director field
θ(~r, t) (Eq. (6b)). The fact that the elastic energy spectrum
is peaked and does not exhibit scaling suggests that orien-
tational fluctuations have a finite correlation length. There-
fore, we expect 〈|θ˜~q|2〉 ∼ q0 for q → 0. Consequently,
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Figure 4. Universal scaling of the flow spectra at large scales. (A) Snapshot of the stream function field for a system size of 2048 × 2048
grid points at activity number Amax = 3.2 · 105. The small background ripples correspond to coherent vortices of typical size given by the
scale of maximal energy injection λi. However, large-scale correlated flow patches also form due to the non-local character of viscous flow.
Lines with arrows indicate a few streamlines that highlight these large-scale circulations. (B-C) The spectra of kinetic energy and enstrophy
Eq. (10) (Eqs. (S35) and (S38)) exhibit a peak at the maximal injection scale λi. At smaller and, importantly, also at larger scales, the spectra
feature distinctive universal scaling regimes. As in Fig. 2B, `c is held fixed (`c = Lmax/
√
Amax ≈ Lmax/566), such that the activity number
A = L2/`2c increases with system size L = n∆. The wave number is rescaled by the largest system size Lmax, such that the axis shows the
mode number in the largest system (n = 2048).
from Eq. (6b), 〈|s˜~q|2〉 ∼ q4. Hence, in d dimensions,
the vorticity source spectrum (Eq. (S43)) should scale as
S(q) ∼ qd−1〈|s˜~q|2〉 ∼ qd+3, which we verified in our two-
dimensional simulations (Fig. S3). In turn, in Fourier space,
Eq. (6a) reads −q2ω˜~q = s˜~q , and hence 〈|ω˜~q|2〉 ∼ q0 and
〈|~˜v~q|2〉 = q−2〈|ω˜~q|2〉 ∼ q−2. Thus, we find that the kinetic
energy and enstrophy spectra scale as E(q) ∼ qd−1〈|~˜v~q|2〉 ∼
qd−3 and E(q) ∼ qd−1〈|ω˜~q|2〉 ∼ qd−1, which we also verify
numerically for d = 2 (Fig. 4B-C).
DISCUSSION AND CONCLUSIONS
In summary, we have introduced a minimal model of an
active nematic fluid at zero Reynolds number. Based on this
model, we have shown that active fluids can exhibit turbulent
flows with universal scaling properties.
To maximize analytical insight and simulation power, we
ignored topological defects and the flow alignment coupling.
At scales comparable to the intrinsic active length, the creation
and annihilation of topological defects is strongly coupled to
the vortex dynamics [38, 40, 51]. Nevertheless, in agreement
with [40], our results show that defects are not essential to un-
derstand the large-scale statistics of active turbulence. More-
over, including the flow-alignment coupling does not qualita-
tively modify the spontaneous flow instability [50] that drives
the turbulence. We expect that this coupling can only modify
non-universal features such as the structure of vortex patterns
and the transition to turbulence. However, the presence of
scaling only requires that the director field has a finite corre-
lation length. Hence, we believe that our minimal description
captures the essential ingredients that determine the universal
properties of active nematic turbulence.
In order to understand the route to turbulence, we first stud-
ied the emergence of both stationary and turbulent flow pat-
terns. In active nematic fluids, non-uniform director fields
generate active stresses that drive spontaneous flows which,
in turn, couple to the director field. At moderate values of
the dimensionless activity numberA = (L/`c)2, this unstable
feedback gives rise to stable stationary patterns of orientation
domains and flow vortices (Fig. 1) of increasing complexity
[43, 53]. At higher activity, the system undergoes a transition
to turbulence. The turbulent state is characterized by a single
characteristic length λi ∼ `c (Fig. 2). We showed that the
wavelength selection mechanism is inherently nonlinear. In
contrast, in the active turbulence of generalized flocking mod-
els, the vortex size is selected by a linear instability [7, 8, 18–
23, 54].
To look for universal features, we studied the large-scale
statistical properties of the turbulent flows. In particular, we
derived the spectral energy balance in the turbulent regime.
We showed numerically that energy injection by the active
processes spans all scales, and it is maximal at the selected
wavelength λi (Fig. 3). At vanishing Reynolds, the injected
energy cannot be transferred to other scales by momentum ad-
vection as in inertial turbulence [44]. Here, we showed that,
even in the presence of advection of the director field, an ac-
tive nematic fluid does not exhibit energy transfer between
scales.
Finally, we studied the spectra of kinetic energy and enstro-
phy of the turbulent flows. Active stresses generate vortices
with a characteristic scale. Hence, at the scale λi of maximal
active injection, the flow spectra feature at peak that reflects
the underlying pattern of vortices, in agreement with previ-
ous works [40, 44]. Based on similar observations, and using
mean-field arguments, Giomi predicted that the spectrum of
kinetic energy would have a E(q) ∼ q−1 scaling regime at
large scales. However, he could not access sufficiently large
scales to verify this prediction in simulations [40]. Here, we
leveraged our minimal model to reach very large-scale simu-
6lations that allowed us to conclusively demonstrate this scal-
ing regime (Fig. 4). Moreover, we provide an analytical un-
derstanding of the origin of the scaling and of the universal
character of its exponent. In the absence of inertia, hydro-
dynamic interactions are long-ranged. Thereby, local stresses
generate not only coherent vortices of a characteristic size but
also large-scale correlated flows. These flows span a range of
scales only limited by the system size, as manifest in the scal-
ing behavior. We derived the scaling laws from the governing
equations simply by assuming that the director field has a fi-
nite correlation length. Provided that this condition holds, we
predict E(q) ∼ qd−3.
In other words, we conclude that, via the long-range hydro-
dynamic interactions of viscous flow, active processes are able
to maintain large-scale modes out of equilibrium and enforce
scale invariance. Therefore, chaotic flows in active nematics
can be genuinely called turbulent. These flows form a distinct
class of turbulence at vanishing Reynolds number, in which
(i) energy is injected at all scales in a self-organized way; (ii)
there is no stationary transfer of energy across scales; and (iii)
the flow exhibits universal scale invariance at large scales.
This type of active turbulence is thus different from that ex-
hibited by flocking models, which display advective energy
cascades [22–25] and parameter-dependent scaling exponents
[7, 22–24]. Looking forward, we expect that our findings can
be tested in large-scale experimental realizations of active ne-
matics.
MATERIALS AND METHODS
Numerical scheme
Here, we describe the implementation of the numerical
integration of the hydrodynamic equations of our minimal
model, Eqs. (6) and (7). We implement a hybrid numer-
ical scheme that combines a spectral method for the time-
independent force balance equation Eq. (6) with a general-
ized version of the Alternating-Direction Implicit (ADI) al-
gorithm [55] for the time evolution of the director dynamics
Eq. (7). To account for fluctuations, we supplement Eq. (7)
with a Gaussian white noise field with 〈ξ(~r, t)〉 = 0 and
〈ξ(~r, t)ξ(~r ′, t′)〉 = 2Dδ(~r − ~r ′)δ(t − t′), which we imple-
ment by means of a standard stochastic algorithm [56]. We
discretize the fields on a grid of n× n points. We keep a con-
stant grid spacing ∆, and we vary n to change the system size
L = n∆.
At each time step, the scheme computes the numerical
Fourier transforms of the director angle field θ(~r, t) and of
the nonlinear terms on the right-hand side of Eq. (6b). We ap-
ply the 2/3 rule to prevent aliasing in the Fourier components
[55]. From them, we compute the Fourier components of the
stream function field ψ(~r, t) from the spectral decomposition
n 128 256 512 1024 2048
∆t (τr) 10
−4 10−5 5 · 10−6 10−6 2 · 10−7
Table I. Integration time step ∆t for simulations with different num-
ber of grid points n× n, corresponding to system sizes L = n∆.
of Eq. (6). In dimensionless variables, it reads
ψ˜~q = − R
2A
θ˜~q+
S
q4 + 
[
q2x − q2y
2
F [sin 2θ]~q − qxqyF [cos 2θ]~q
]
,
(11)
where F [·] indicates the Fourier transform operator, and  =
10−8 is a numerical cut-off to avoid the divergence of the
q = 0 mode. Then, the Fourier components are transformed
back to real space to update the angle field according to the
stochastic version of Eq. (7). To this end, in addition to adding
the noise term, we implemented two modifications of the stan-
dard ADI algorithm, which was originally designed to invert
only the Laplacian operator. First, we discretize the advective
terms in Eq. (7) by means of centered finite differences. Sec-
ond, we leverage the Sherman-Morrison formula to impose
periodic boundary conditions [55].
Numerical tests
Numerical results were benchmarked against analytical re-
sults. In particular, we checked the growth rate, Eq. (8), as
well as the saturation angle of the transversal stationary pat-
terns, Eq. (S8). The integral in Eq. (S8) was numerically ap-
proximated by summing 10000 terms of the associated Leg-
endre polynomial [57]:√
2A
4 +R
= 2pi
∞∑
k=0
[
(2k − 1)!!
2k k!
]2
sin2k
θs
2
. (12)
Numerical details
All numerical integrations have been performed for con-
tractile systems (S = −1) with R ≡ γ/η = 1. The amplitude
of the angular noise is set to D = 5 ·10−4 L2/τr. In all cases,
the initial condition was a quiescent state with uniform direc-
tor along the xˆ axis, namely θ0 = 0. The integration time step
is reduced as the number of grid points is increased (Table I).
Stationary flow patterns
The snapshots of the stationary patterns in Fig. 1B-C were
obtained from simulations run for a time t = 0.4τr on a grid
of 256× 256 points.
7Numerical computation of energy and power spectra
All spectra are numerically computed by replacing the en-
semble average by an average over 925 snapshots of simu-
lations run for a time t = 0.1τr. To allow for temporal
decorrelation, the snapshots are taken every δt = 10−4τr.
To allow the system to reach a statistically stationary state,
the snapshots are only taken after an initial transient of ts =
7.5 · 10−3τr. Using these snapshots, we compute a histogram
of the corresponding spectral quantity over wave vector mod-
uli which, for the isotropic correlations of the turbulent state
(see Eq. (S28)), corresponds to the angular average of the
spectrum.
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ONE-PARAMETER FORMULATION
In this section, we show that the model can be reformulated
so that the dimensionless parameters A and R combine into a
redefined activity number A′. The reformulation is based on
the following change of variables:
ψ′ = ψ − 2
A
θ. (S1)
In terms of the transformed vorticity ω′ = −∇2ψ′, Eqs. (6)
and (7) read
∇2ω′ = s′(~r, t); (S2a)
s′ =
1
A′
∇4θ+S
[
1
2
[
∂2x − ∂2y
]
sin 2θ − ∂2xy cos 2θ
]
, (S2b)
Dnα
Dt
= 0. (S3)
Here, we have used the corotational derivative Dnα/Dt =
∂tnα+ v
′
β∂βnα+ω
′
αβnβ . In terms of the transformed stream
function ψ′ and the director angle θ, Eq. (S3) reads
∂tθ + (∂yψ
′)(∂xθ)− (∂xψ′)(∂yθ) + 1
2
∇2ψ′ = 0. (S4)
In the transformed variables, Eqs. (S2) and (S3) depend on a
single dimensionless parameter, A′ = A/(2 + R/2). This
transformed activity number corresponds to the ratio between
the active time scale τa = η/|ζ| and the director relaxation
time scale, taking into account both rotational dissipation and
the viscous dissipation of the flow generated by the rotation of
the director.
The transformed force balance equation, Eq. (S2), is the
same as the original one, Eq. (6), albeit for the modified ac-
tivity parameter A′ instead of A. In contrast, the transformed
dynamics of the director field, Eq. (S3), takes the form of a
total derivative. This means that there is no dissipation asso-
ciated to the director field, which is simply advected by the
transformed velocity field and co-rotated by the transformed
vorticity field. Accordingly, with respect to Eq. (7), Eq. (S4)
lacks the right-hand-side term, which accounts for rotational
dissipation.
Finally, since Eqs. (S2) and (S3) depend on a single param-
eter A′(A,R), we can choose the value of R without loss of
generality. A particularly simple case is obtained for R = 0,
which corresponds to a vanishing rotational viscosity γ = 0.
ONE-DIMENSIONAL STRIPE PATTERNS
In this section, we provide further analytical details about
the one-dimensional stripe patterns that form initially upon
the spontaneous flow instability. These simple patterns are
stable at low activity and become unstable at higher activity
(Fig. 1B,C).
For contractile stresses, the uniformly oriented state fea-
tures unstable long-wavelength transverse modes (qy < qc,
Fig. 1A) and stable longitudinal modes (qx). Therefore, the
emerging pattern is transversal, and it preserves translational
invariance along the direction of the initial uniform orientation
(xˆ axis).
Dynamics. The sine-Gordon equation
In this situation, Eqs. (6) and (7) can be combined and re-
duce to
2∂tθ =
1
A′
∂2yθ +
1
2
sin 2θ, (S5)
which is the overdamped sine-Gordon equation. This equation
can also be written in an explicitly variational form:
2∂tθ = −δL[θ(y)]
δθ(y)
; (S6a)
L[θ(y)] = 1
2
∫ (
1
A′
(∂y′θ)
2 − sin2 θ
)
dy′, (S6b)
where the Lyapunov functional L is minimized by the evolu-
tion. This problem maps onto that of a passive nematic liq-
uid crystal in the twist geometry [48], with L corresponding
to the free energy, and the activity playing the role of an ex-
ternal magnetic field. At a critical value of the external field,
the passive liquid crystal undergoes the Fredericksz transition.
Similarly, the active system undergoes the spontaneous flow
instability at a critical value of the activity. However, there is
a fundamental difference between both transitions: whereas
isotropy is externally broken by the magnetic field in the pas-
sive case, it is spontaneously broken in the active case. This
means that the same dynamics of Eq. (S5) applies to uniform
domains oriented in any direction, which will also be unsta-
ble to their own transverse fluctuations. This fact is precisely
what gives rise to the instability cascade that characterizes the
route to turbulence in our model, as described in the main text.
Stationary patterns. Mapping to the simple pendulum
In the stationary state, Eq. (S5) reduces to
d2θ
dy2
= −A
′
2
sin 2θ. (S7)
This equation describes the director angle profile along the
stripe pattern. Since the fastest-growing mode is the longest-
wavelength one (Fig. 1A), the wavelength of the pattern is the
system size L (Fig. 1B).
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To solve Eq. (S7), it is useful to realize that it maps to the
equation of motion of a pendulum, ϕ¨ = −g/` sinϕ, under the
following correspondences: ϕ ↔ 2θ, t ↔ y, g/` ↔ A′. Ac-
cordingly, the wavelength of the pattern, L, corresponds to the
pendulum’s oscillation period. Respectively, the amplitude of
the pattern, i.e. the saturation angle of the director profile,
θs, corresponds to the pendulum’s oscillation amplitude. By
virtue of this correspondence, we can use the relationship be-
tween a pendulum’s period and amplitude to find the ampli-
tude of the pattern as a function of the activity number A′.
Hence, θs is implicitly given by the following complete ellip-
tic integral of the first kind [57]:
√
A′
4
=
∫ 2pi
0
dα√
1− sin2 θs sin2 α
. (S8)
The saturation angle θs increases with the activity number A′,
with θs → ±pi/2 as A′ →∞.
In the high activity limit, the angle pattern would feature
two domains of θ = θs → ±pi/2 separated by walls. In a ne-
matic liquid crystal, the angles ±pi/2 correspond to identical
orientations, and the two domain walls differ by the sense of
rotation of the angle across them. In the limit of large system
size L→∞, the full angle profile of the stripe pattern reads
θ(y) = ∓θs ± 2 atan
[
exp
(√
A′(y − y0)
)]
, (S9)
After restoring the units, the wall thickness is `′c = `c[2 +
R/2]1/2.
Note that we assume here that the winding number of the
director field in the initial condition vanishes, and thus we ex-
clude any solution with a finite winding number. Solutions
with a finite winding number would correspond to higher-
energy states where the pendulum rotates instead of oscillate.
VORTEX PATTERNS
In this section, we provide further details about the station-
ary vortex patterns that form at moderate activity (Fig. 1C).
Periodic vortex patterns
In addition to the patterns in Fig. 1C, new branches of so-
lutions appear at activity values A = m2Ac; m = 2, 3, . . ..
These new solutions correspond to vortex lattices, i.e. peri-
odic repetitions of the pattern in Fig. 1C, with period L/m
in both axes, where L is the system size. We have checked
numerically that these periodic vortex patterns are unstable to
perturbations of wavelength larger than their period L/m.
Streamlines of stationary flow patterns
All stationary flow patterns correspond to equilibrium so-
lutions of the transformed equations of the one-parameter
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Figure S1. Probability distribution of the active power I for different
system sizes L = n∆. Here, `c is held fixed (`c = Lmax/
√
Amax ≈
Lmax/566), such that the activity number A = L2/`2c increases with
system size L. Negative and positive values of I respectively cor-
respond to active energy absorption and injection into the system.
Therefore, on average, active stresses inject energy to drive the flows.
formulation, Eqs. (S2) and (S3). Equilibrium solutions of
Eqs. (S2) and (S3) are given by s′ = 0 and ψ′ = c, where
c is a constant. Therefore, in the transformed variables, these
solutions correspond to quiescent states in which the active
stresses are exactly balanced by the nematic elastic stresses
so that the vorticity source vanishes. In the original vari-
ables, these solutions correspond to stationary flows with
ψ = 2θ/A+ c (Eq. (S1)), for which the director remains con-
stant along streamlines (Fig. 1B,C).
DERIVATION OF THE SPECTRAL ENERGY BALANCE
Here, we derive the spectral energy balance equation and
identify its different contributions, Eq. (9). We do this in
two steps. First, using the dynamical equations of our model,
Eqs. (6) and (7), we directly derive an expression for the rate
of change of the Frank elastic energy Eq. (4). Second, based
on the nonequilibrium thermodynamics of active nematic flu-
ids, we identify the different contributions, namely the shear
and rotational dissipations, the active energy injection, and the
energy transfer between scales.
Direct derivation
We define the spectrum of the Frank energy, Fn(~q), from
〈Fn〉
A ≡
∫
R2
Fn(~q) d
2~q, (S10)
where A = L2 is the system area. From Eq. (4) and in-
troducing the Fourier transform of the angle field, θ(~r, t) =∑
~q θ˜~q e
i~q·~r, we obtain
〈Fn〉 = K
2
∫
A
〈|~∇θ|2〉d2~r = K
2
(2pi)2L2
∑
~q
q2〈|θ˜~q|2〉,
(S11)
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where the sum over ~q runs over ~q = 2pi/L (nx, ny), with
nx, ny ∈ N. Then, in the continuum limit, we obtain
〈Fn〉 = K
2
L4
∫
R2
q2〈|θ˜~q|2〉d2~q, (S12)
from where
Fn(~q) =
K
2
L2q2〈|θ˜~q|2〉. (S13)
In terms of its spectrum, the rate of change of the average
Frank elastic energy can be expressed as
1
A
d〈Fn〉
dt
=
∫
R2
∂tFn(~q) d
2~q. (S14)
Then, using Eq. (S13), and in dimensionless form, we obtain
∂tFn(~q) =
q2
2
∂t〈|θ˜~q|2〉 = q2 Re
[〈
θ˜∗~q ∂tθ˜~q
〉]
. (S15)
To compute the time derivative, we Fourier-transform the dy-
namical equation of the angle field, Eq. (7). This gives
∂tθ˜~q = q
2
(
1
2
ψ˜~q − 1
A
θ˜~q
)
+
1
(2pi)2
∫
R2
(
~k × ~q
)
·zˆ θ˜~k ψ˜~q−~k d2~k,
(S16)
where the three terms correspond to director corotation, rota-
tional dissipation, and director advection, respectively. Since
the advective term is bilinear in the angle and stream func-
tion fields, it involves interactions between different Fourier
modes. Introducing Eq. (S16) into Eq. (S15), we obtain
∂tFn(~q) = q
4
(
1
2
Re
[〈
ψ˜~q θ˜~q
〉]
− 1
A
〈
|θ˜~q|2
〉)
+
q2
(2pi)2
∫
R2
(
~k × ~q
)
· zˆ Re
[〈
θ˜~k ψ˜~q−~k θ˜
∗
~q
〉]
d2~k. (S17)
Finally, using the Fourier components of the force balance
equation, Eq. (11) with  = 0, to replace θ˜∗~q in the first term of
Eq. (S17), we arrive at
∂tFn(~q) = −A
R
q4
〈
|ψ˜~q|2
〉
− 1
A
q4
〈
|θ˜~q|2
〉
−A
R
Re
[〈
s˜∗a,~q ψ˜~q
〉]
+
q2
(2pi)2
∫
R2
(
~k × ~q
)
· zˆ Re
[〈
θ˜~k ψ˜~q−~k θ˜
∗
~q
〉]
d2~k. (S18)
Here, s˜a,~q are the Fourier components of the active part of the
vorticity source field defined in Eq. (6b). Explicitly,
sa(~r, t) = S
[
1
2
[
∂2x − ∂2y
]
sin 2θ − ∂2xy cos 2θ
]
. (S19)
Nonequilibrium thermodynamics
In the following, we identify the physical meaning of the
different terms in Eq. (S18). Within the framework of linear
nonequilibrium thermodynamics, the rate of entropy produc-
tion S˙ can be written in terms of products of fluxes and forces.
For isothermal systems, T S˙ = −F˙ , where F is the free en-
ergy. In particular, for a two-dimensional incompressible ne-
matic fluid with fixed modulus of the director field, the rate of
change of the free energy reads [45, 47, 48, 58]
− F˙ =
∫
A
[σαβvαβ +Nαhα] d
2~r. (S20)
Here, σαβ is the symmetric part of the deviatoric stress ten-
sor (Eq. (2)), and vαβ is the symmetric part of the strain rate
tensor. Respectively, Nα ≡ ∂tnα + vβ∂βnα + ωαβnβ is the
comoving and corotational derivative of the director, which is
the flux conjugated to the molecular field hα = −δFn/δnα
(see Eq. (4)). In Eq. (S20), we have not included active pro-
cesses, which are usually accounted for by adding a term r∆µ,
where r is the rate and ∆µ is the chemical potential difference
of the chemical reaction, such as ATP hydrolysis, that is the
source of activity. Here, we describe neither the dynamics nor
the energetics of this chemical reaction. Then, introducing
the constitutive relations for our minimal active nematic fluid,
Eqs. (2) and (5) into Eq. (S20), we obtain
− F˙ =
∫
A
[
2η vαβvαβ +
1
γ
hαhα − ζ qαβvαβ
]
d2~r. (S21)
From here, we identify the different sources of entropy pro-
duction, namely viscous and rotational dissipation and active
energy injection,
Ds =
∫
A
2η vαβvαβ d
2~r, (S22a)
Dr =
∫
A
1
γ
hαhα d
2~r, (S22b)
I =
∫
A
ζ qαβvαβ d
2~r, (S22c)
respectively. The spectra of these quantities, defined analo-
gously to Eq. (S10), read, in dimensionless form
Ds(~q) =
A
R
q4
〈
|ψ˜~q|2
〉
, (S23a)
Dr(~q) =
1
A
q4
〈
|θ˜~q|2
〉
, (S23b)
I(~q) = −A
R
Re
[〈
s˜∗a,~q ψ˜~q
〉]
, (S23c)
where Re[·] refers to the real part, and s˜a,~q are the Fourier
components of the active vorticity source field in Eq. (S19).
Identifying these expressions in the first three terms of
Eq. (S18), we can rewrite that equation as
∂tFn(~q) = −Ds(~q)−Dr(~q) + I(~q) + T (~q). (S24)
Here, we have identified the last term in Eq. (S18) as the spec-
trum of the energy transfer between scales,
T (~q) =
q2
(2pi)2
∫
R2
(
~k × ~q
)
· zˆ Re
[〈
θ˜~k ψ˜~q−~k θ˜
∗
~q
〉]
d2~k.
(S25)
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Figure S2. Spectra of the four contributions to the energy balance
Eq. (9) (Eq. (S32)) for different system sizes L = n∆. Here, `c is
held fixed (`c = Lmax/
√
Amax ≈ Lmax/566), such that the activity
number A = L2/`2c increases with system size L. The wave number
is rescaled by the largest system size Lmax, such that the axis shows
the mode number in the largest system (n = 2048).
This energy transfer term does not contribute to the integrated
entropy production: ∫
R2
T (~q) d2~q = 0. (S26)
ABSENCE OF ENERGY TRANSFER BETWEEN SCALES
Because of energy conservation, the total energy transfer
vanishes (Eq. (S26)). However, its spectrum could be non-
zero so that energy is transferred between scales. In this sec-
tion, we show that, in fact, the entire spectrum of energy trans-
fer, Eq. (S25), vanishes. We show that based on symmetries.
Because the equations of our model are symmetric with re-
spect to rotation and reflection, the factor
〈
θ˜~k ψ˜~q−~k θ˜
∗
~q
〉
can
be a function only of |~q|, |~k|, and ~q · ~k = |~q||~k| cosα. There-
fore, this factor is an even function of the angle α between ~q
and ~k. In contrast, the factor (~k × ~q) · zˆ = ±|~q||~k| sinα is
an odd function of α. Therefore, the integrand of Eq. (S25)
is an odd function of α, and hence the integral vanishes. This
means that the energy transfer spectrum Eq. (S25) vanishes
for all ~q, T (~q) = 0, implying that there is no energy trans-
fer between scales. We verified this result in our numerical
calculations (Figs. 3 and S2).
ENERGY AND POWER SPECTRA
Frank elastic energy spectrum
The angle-averaged spectrum of the Frank elastic free en-
ergy density, Fn(q), is defined by
〈Fn〉
A ≡
∫ ∞
0
Fn(q) dq. (S27)
Using Eq. (S12), and assuming isotropic correlations of the
director field to integrate over the angle of the wave vector,
we obtain
〈Fn〉 = piKL4
∫ ∞
0
q3〈|θ˜~q|2〉dq, (S28)
from where
Fn(q) = piKL
2q3〈|θ˜~q|2〉. (S29)
In dimensionless variables,
Fn(q) = piq
3〈|θ˜~q|2〉. (S30)
Power spectral densities
Similarly, the four contributions to the power spectral den-
sity, Ds(q), Dr(q), I(q), and T (~q), are defined by
〈Ds〉
A ≡
∫ ∞
0
Ds(q) dq,
〈Dr〉
A ≡
∫ ∞
0
Dr(q) dq,
〈I〉
A ≡
∫ ∞
0
I(q) dq,
〈T 〉
A ≡
∫ ∞
0
T (q) dq. (S31)
Hence, assuming isotropic correlations, the angle-averaged
spectra read
Ds(q) = 2piqDs(~q), Dr(q) = 2piqDr(~q),
I(q) = 2piqI(~q), T (q) = 2piqT (~q), (S32)
with Ds(~q), Dr(~q), I(~q), and T (~q) given in Eqs. (S23)
and (S25).
Kinetic energy spectrum
The spectrum of the kinetic energy density per unit mass,
E(q), is defined by
〈E〉
A ≡
∫ ∞
0
E(q) dq, (S33)
with E given by Eq. (10). Proceeding as before, in the con-
tinuum limit and for a state with isotropic correlations of the
flow field, we obtain
E(q) = piL2q〈|~˜v~q|2〉 = piL2q3〈|ψ˜~q|2〉. (S34)
In dimensionless variables,
E(q) = piq3〈|ψ˜~q|2〉. (S35)
Enstrophy spectrum
Respectively, the enstrophy spectrum, E(q), is defined by
〈E〉
A ≡
∫ ∞
0
E(q) dq, (S36)
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Figure S3. Power spectrum of the vorticity source Eq. (S43) for
different system sizes L = n∆. Here, `c is held fixed (`c =
Lmax/
√
Amax ≈ Lmax/566), such that the activity number A =
L2/`2c increases with system size L. The wave number is rescaled
by the largest system size Lmax, such that the axis shows the mode
number in the largest system (n = 2048).
where the enstrophy E is defined in Eq. (10) in terms of the
vorticity field ω = −∇2ψ. In the same way as before, we
obtain
E(q) = 2piL2q〈|ω˜~q|2〉 = 2piL2q5〈|ψ˜~q|2〉. (S37)
In dimensionless variables,
E(q) = 2piq5〈|ψ˜~q|2〉. (S38)
Hence, the enstrophy spectrum is simply proportional to
the shear dissipation spectrum, Ds(q) = ηE(q), and it is
also directly related to the kinetic energy spectrum, E(q) =
2q2E(q).
Vorticity source power spectrum
Finally, in Eq. (6) we introduced the vorticity source s(~r, t).
In dimensional form, it reads
s =
K
2η
∇4θ+ ζ
η
[
1
2
[
∂2x − ∂2y
]
sin 2θ − ∂2xy cos 2θ
]
. (S39)
Its power spectrum, S(q), is defined by
〈S〉
A ≡
∫ ∞
0
S(q) dq, (S40)
where we have introduced the vorticity source energy
S ≡
∫
A
s2 d2~r. (S41)
Analogously to the previous spectra, its spectrum reads
S(q) = 2piL2q〈|s˜~q|2〉. (S42)
In dimensionless variables,
S(q) = 2piq〈|s˜~q|2〉. (S43)
SUPPLEMENTARY MOVIES
Supplementary movie 1
Evolution of the director angle θ(~r, t) at activity number
A = 500, in degrees (◦). Angles θ = 0 and 180◦ correspond
to the same orientation of the director field, and hence they
are displayed in the same color. From the initial condition
with a uniform director field, the system initially develops a
stripe pattern, which then undergoes a zig-zag instability to
form a vortex pattern as shown in Fig. 1C. This movie shows
40 snapshots of a simulation that runs for a time t = 0.16τr
on a grid of 256× 256 points.
Supplementary movie 2
Evolution of the director angle θ(~r, t) at activity number
A = 3.2 · 105, in degrees (◦). Angles θ = 0 and 180◦ corre-
spond to the same orientation of the director field, and hence
they are displayed in the same color. As shown in Fig. 2A,
at high activity, the system features a disordered pattern of
small orientation domains with persistent dynamics indicative
of spatiotemporal chaos. This movie shows 100 snapshots
of a simulation that runs for a time t = 0.1τr on a grid of
1024× 1024 points.
Supplementary movie 3
Evolution of the stream function ψ(~r, t) at activity num-
ber A = 2 · 104, in units of τ−1r = K/(γL2). Local max-
ima and minima of the stream function correspond to counter-
clockwise and clockwise flow circulation, respectively. As
shown in Fig. 4A, at high activity, the system develops tran-
sient large patches of correlated flow. These patches encom-
pass smaller coherent vortices, which are seen here as small
ripples of the stream function. This movie shows 300 snap-
shots of a simulation that runs for a time t = 0.03τr on a grid
of 512× 512 points.
